On a compact Riemannian manifold M with boundary, we give an estimate for the eigenvalues (λ k (τ, α)) k of the magnetic Laplacian with the Robin boundary conditions. Here, τ is a positive number that defines the Robin condition and α is a real differential 1-form on M that represents the magnetic field. We express these estimates in terms of the mean curvature of the boundary, the parameter τ and a lower bound of the Ricci curvature of M (see Theorem 1.3 and Corollary 1.5). The main technique is to use the Bochner formula established in [2] for the magnetic Laplacian and to integrate it over M (see Theorem 1.2). In the last part, we compare the eigenvalues λ k (τ, α) with the first eigenvalue λ 1 (τ ) = λ 1 (τ, 0) (i.e. without magnetic field) and the Neumann eigenvalues λ k (0, α) (see Theorem 1.6) using the min-max principle.
Introduction and Results
Let (M, g) be a Riemannian manifold of dimension n and let α be a smooth real differential 1-form on M. Given two vector fields X, Y in the complexified tangent bundle T M ⊗C, the magnetic covariant derivative is defined as ∇ Here and in all the paper, the product ·, · will denote the Hermitian inner product extended from the metric g to the tangent bundle T M ⊗ C or to the cotangent bundle T * M ⊗ C. We will also use the natural one-to-one isomorphism between T * M ⊗ C and T M ⊗ C by w(X) = X, w # for any X ∈ T M ⊗ C and w ∈ T * M ⊗ C. Given any complex-valued function f on M, the magnetic Laplacian is defined as being the trace of the magnetic Hessian ∆ α f := −trace(Hess
where d α f := d M f + if α and div α is the magnetic divergence given for any vector field
for all complex valued function f ∈ C ∞ (M, C).
Here II denotes the second fundamental form of the boundary and H is the mean curvature. Also ∆ α N is a Laplacian defined on functions on N which is associated to some exterior derivative d α N (see Section 2 for the definition).
The formula (1.2) can be useful for different applications in spectral theory. One of these applications is to use Theorem 1.2 for a particular solution of the magnetic Robin boundary problem. Therefore, we get the universal bound on the eigenvalues of the magnetic Robin Laplacian under some assumptions on the magnetic field d M α, the Ricci curvature Ric M and the second fundamental form II. Indeed,
) be a compact Riemannian manifold with boundary ∂M = N and let α be a differential 1-form on M and τ > 0. Assume that
where
and H min := min M H.
• The assumption in (1.3) on the mean curvature is valid when H min > 0, since
Also, when τ is very large, (1.3) becomes an upper bound on ||d M α|| ∞ , which is a growth condition on the magnetic field with respect to the Ricci curvature.
• It follows from Inequality (1.
This is more transparent in the proof of Theorem 1.3.
As a direct consequence of Theorem 1.3 and a standard continuity argument as in [2] , one gets
) be a compact Riemannian manifold with boundary ∂M = N and let α be a differential 1-form on M and τ > 0.
Proof of Corollary 1.5: It is enough to prove the lower bound on the first eigenvalue λ 1 (τ, α). We apply Theorem 1.3 to the 1-form
0, we get that the
violates the continuity of λ 1 (τ, εα) with respect to ε. Therefore, ε * = 1.
As a direct application of Corollary 1.5, we find the lower bound for the eigenvalues of the Dirichlet Laplacian proved by Reilly in [5] . Indeed, on a manifold M with boundary N such that Ric M ≥ k with nonnegative mean curvature H, consider any closed 1-form α on M. Take a number τ big enough so that τ ≥ k (n−1)H min and II + τ ≥ 0. Then one deduces that λ(τ, α) ≥ n n−1 k. As the spectrum of the Robin Laplacian tends to the Dirichlet one when τ → ∞, the result then follows.
In the last part of this paper, we present two-sided estimates of all the eigenvalues λ k (τ, α) in terms of λ 1 (τ ) = λ 1 (τ, 0) and the Neumann eigenvalues λ N k (α) := λ k (0, α), using a variational argument (see Theorem 1.6 below). These estimates yield a quantitative measurement of the diamagnetism (i.e. the quantity λ(τ, α) − λ 1 (α)). To state this theorem, we define for a normalized eigenfunction of the Robin Laplacian (without magnetic field) f τ : M → R the constant the following constant
C(τ ) = 0 and the function f τ can be selected in a unique manner so that f τ > 0. We have Theorem 1.6. For all τ > 0 and k ≥ 1,
Remark 1.7. In this section, we will prove Theorem 1.2. We will integrate all the terms in the Bochner formula. First, with the help of the Stokes formula the integral of the l.h.s. of Equation (1.1) is equal to
Now, we will compute the term ℜ ∇
α f pointwise by decomposing the vectors into the tangential and normal parts over a local orthonormal frame {e i } i=1,··· ,n−1 of T x N at some point x ∈ N. Indeed, using the definition of the operator d α , we write
In the last equality, we just use the fact that the hessian of the function f is a symmetric 2-tensor. We then proceed
As α is a 1-form on M, we can write it at any point of the boundary as α = α T + α(ν)ν. We then define the operator d
. Hence, the above equality becomes
Therefore after integrating, we deduce that
In the second step, we want to integrate the term
h.s. of Theorem 1.1. First, recall the Stokes formula on complex functions: For all h ∈ C ∞ (M, C) and smooth complex valued 1-form β, one has
Therefore according to this formula, one can easily get that
where the adjoint
Here we mention that δ α X = −trace(∇ α X), where ∇ α is the magnetic covariant derivative defined previously. Hence, by taking h = ∆ α f and β = d α f, we deduce
Now we want to evaluate the term ∆ α f in the second integral of the r.h.s. of the equality above. Using the compatibility equations in [2, Lem. 3.2] and taking an orthonormal frame {e i } i=1,··· ,n−1 of T N with ∇ N e i e i = 0 at some point, we compute
Plugging the expression of ∆ α f above into Equation (2.2), we find
The last step is to compute the term 
Now, we have all the ingredients to integrate Equation (1.1) over M. In fact, using Equations (2.1), (2.3) and (2.4), we find that
By writing
)ν at any point of the boundary, the first integral in the l.h.s. reduces to
Using the fact that δ 
Therefore, we deduce
